As a continuation of these works, we enumerate in this paper the isomorphism classes of typical abelian prime-fold coverings of a circulant graph.
Let A be a finite group and let X be a subset of A such that X = X −1 (called symmetric) and 1 ∈ X. The Cayley graph G = Cay(A, X) on A relative to X is the graph having vertex set V(G) = A and edge set E(G) = {{g, gx} | g ∈ A, x ∈ X}. For a Cayley graph G = Cay(A, X), it is clear that Aut(G) contains the left regular representation L(A) of the group A, and so G is vertex-transitive; and that G is connected if and only if X generates A. The elements of X are called the connectors of the graph Cay(A, X). A circulant graph is a Cayley graph on a cyclic group Z n (see [2] ). Circulant graphs are widely applied to telecommunication networks, VLSI design and distributed computation (see [1, 12, 13] ). They are usually used as topologies and are called loop networks or chordal rings. It is clear that a circulant graph Cay(Z n , X) is of odd valency if and only if n is even and n 2 ∈ Z n is a connector, and that if a circulant graph Cay(Z n , X) with X = {±x 1 , ±x 2 , . . . , ±x k } is connected, then gcd(x 1 , x 2 , . . . , x k , n) = 1, where gcd(x 1 , x 2 , . . . , x k , n) denotes the greatest common divisor of x 1 , x 2 , . . . , x k and n. Also, we identify the integers 0, 1, . . . , n − 1 with their residue classes modulo n.
A covering projection (or simply covering) from a graph G to another G is a surjection p : V( G) → V (G) [6] showed that every regular r-fold covering G of a graph G can be derived from a voltage assignment in C 1 (G; A) for some finite group A of order r.
Enumerating the isomorphism classes of several types of graph coverings is one of the central research topics in enumerative topological graph theory (see [3] [4] [5] [7] [8] [9] [10] [11] ). Especially, to determine whether a regular covering of a Cayley graph is also Cayley looks interesting (see [4, 5] ). Among such coverings, typical ones, i.e., by definition, coverings from a Cayley graph onto another that preserve the group operations, will be treated in this paper. The isomorphism classes of typical circulant coverings of a circulant graph were enumerated in [4] when the folding number is 2 and in [5] for any folding number. Furthermore, it was proved in [4] that no connected double covering of a trivalent circulant graph is circulant and in [5] that every circulant covering of a trivalent circulant graph, which is neither K 4 nor K 3, 3 , is typical. In this paper, we enumerate the isomorphism classes of connected typical abelian prime-fold coverings of a circulant graph as follows. 
Characterization of isomorphic typical coverings
Let 1 → K → A → Q → 1 be a short exact sequence of finite groups with an epimorphism f : A → Q. In the following, we identify the group K with the kernel Ker(f ) of the epimorphism f . Choose a symmetric generating set X of the group A with 1 ∈ X, and let Cay(A, X) be the corresponding Cayley graph. As a subgroup of A, the group K acts freely on the Cayley graph Cay(A, X) (by left multiplication), and the quotient projection q K : Cay(A, X) → Cay(A, X)/K is a regular covering with covering transformation group K. Let Y = f (X). Then Y is a symmetric generating set for the group Q. Furthermore, f induces a covering f * : Cay(A, X) → Cay(Q, Y). It is easy to see that the two graph coverings q K : Cay(A, X) → Cay(A, X)/K and f * : Cay(A, X) → Cay(Q, Y) can be identified through a graph isomorphism Note that in a typical covering f * : Cay(A, X) → Cay(Q, Y) derived from an epimorphism f , if there is an x ∈ X∩K, or there exist two distinct elements x and x in X such that f (x) = f (x ), then the base graph Cay(Q, Y) has a loop or a multiple edge. Therefore, we assume that X ∩ K = ∅ and f (x) = f (x ) for any x = x in X in order to deal with only simple graphs throughout this paper. From now on, for any epimorphism f : A → Q with f (X) = Y, we also denote the derived typical covering
two connected typical coverings of the same graph Cay(Q, Y). Then, two typical coverings f and h are isomorphic if and only if there is a group isomorphism
is a graph isomorphism with h • Φ = f , two typical coverings f and h are isomorphic.
(⇒) Let two typical coverings f and h be isomorphic through a covering isomorphism Ψ :
.
For any c ∈ A 1 and for any connector
is an arc in the graph Cay(A 2 , X 2 ). Therefore, there exists a connector
Since A 1 is generated by X 1 , one can easily show that
It is clear from Lemma 2 that two connected typical coverings f :
Cay(Q, Y) cannot be isomorphic if two groups A 1 and A 2 are not isomorphic.
From now on, we fix G = Cay(Z n , Y) as a connected circulant graph and let p be a prime number. In order to enumerate the isomorphism classes of typical abelian p-fold coverings of the graph G, let us consider a short exact sequence 0
When gcd(n, p) = 1, these two groups are isomorphic.
The isomorphism classes of connected typical circulant p-fold coverings Cay(A, X) → Cay(Z n , Y) with A = Z pn have been enumerated in [4] for p = 2 and in [5] for any odd p as follows. As the other case, the isomorphism classes of typical p-fold coverings Cay(A, X) → Cay(Z n , Y) with A = Z n × Z p will be enumerated in the next section.
Theorem 3 ([4,5]). Let

Typical abelian but not circulant coverings
Throughout this section, we consider a short exact sequence 0 → Z p → A → Z n → 0 with A = Z n × Z p and p | n in order to consider only the typical abelian but not circulant coverings of G = Cay(Z n , Y). Let n = pm and let  denote the epimorphism from
Lemma 4. Any typical covering
Since (1, 0) and (0, 1) generate the group Z n × Z p and f is an epimorphism, α and β generate the group Z n . Thus gcd(α, β, n) = 1.
First, we assume that gcd(α, n) = 1.
which implies that a 1 = a 2 since gcd(α, n) = 1. Thus, the map Φ is injective and Φ is an automorphism of the group
for any (a, b) ∈ Z n × Z p , we know that  • Φ = f . Therefore, the two coverings f and  are isomorphic via the covering isomorphism Φ.
Now
≤ p − 1. Therefore, gcd(β, n) = m and gcd(α, m) = gcd(α, β, n) = 1. This implies that gcd(α, p) = 1 since otherwise gcd(α, n) = 1 is deduced. Thus α = sp for some s = 0. As divisors of α, both s and p are relatively prime to m because gcd(α, m) = 1. Define a map Φ :
(1) and
Multiplying Eq. (1) by m, we get tm and then
From Eqs. (2) and (3), we get that a 1 = a 2 in Z n . This proves that Φ is injective and then Φ is an automorphism of the group Z n × Z p . Set X = Φ (X). By repeating the same process as the previous case, one can show that the covering
Following Lemma 4, one may assume that every typical abelian but not circulant p-fold covering of G = Cay(Z n , Y) is derived from the epimorphism  :
In the following, we define a voltage assignment which derives a typical abelian but not circulant p-fold covering. For a convenience, we consider this problem according to the parity of valency separately.
Even valency case
Let the valency of G = Cay(Z n , Y) be even, say 2k. Noting that any 2-regular graph is circulant, we assume that k ≥ 2. Let Y = {±y 1 , ±y 2 , . . . , ±y k }, where 0 < y 1 , y 2 , . . . , y k < φ(e) = δ (4) and φ(e −1 ) = −φ(e). In this case, we say that φ is a typical voltage assignment of type (δ 1 , δ 2 , . . . , δ k ). Now assume that φ is a typical voltage assignment of type (δ 1 , δ 2 , . . . , δ k ). Set X = {±(y 1 , δ 1 ), ±(y 2 , δ 2 ), . . . , ±(y k , δ k )}. Clearly (X) = Y, X ∩ Ker() = ∅, and (x) = (x ) for any x = x in X, so  : Cay(Z n × Z p , X) → G is a typical abelian but not circulant p-fold covering of the graph G. Furthermore, it can be easily checked that the covering p φ derived by the voltage assignment φ and the typical covering  are isomorphic via the graph isomorphism Ψ :
Conversely, if a typical abelian but not circulant p-fold covering  : Proof. From the definition of a typical voltage assignment, the voltages on the arcs with any fixed connector y are completely determined by φ(0, y ). Since φ(0, y ) ∈ Z p has p choices and there are k such connectors y , 1 ≤ ≤ k, there
The following lemma is related to the connectivity of typical abelian but not circulant p-fold coverings. (y 1 , δ 1 ), ±(y 2 , δ 2 ), . . . , ±(y k , δ k ) }. The covering graph G φ is disconnected if and only if the subgroup U generated by (y 1 , δ 1 ), (y 2 , δ 2 
Proof. We know that the covering graph is
The sufficiency is clear. For necessity, suppose that G φ is disconnected. Since the graph G is assumed to be connected,
gives a group homomorphism from Z n to U. Moreover, we know that |U| is a divisor of np and |U| = np. Since U has a subgroup isomorphic to Z n , the index of U in Z n × Z p must be p and then |U| = n.
Thus, for each a ∈ Z n there is unique γ a ∈ Z p such that (a, γ a ) 
That is, the unique γ a ∈ Z p with (a, γ a ) ∈ U is γ a = 0 when a is a multiple of p. If there is no θ ∈ Z p with θy ≡ δ (mod p) for all 1 ≤ ≤ k, then (δ 1 , δ 2 , . . . , δ k ) and (y 1 , y 2 , . . . , y k ) are independent in the vector space Z k p . Therefore in the field F p = Z p , the system of linear equations with variables z 1 , z 2 , . . . , z k , 
This action is well defined, and the number of isomorphism classes of connected typical abelian but not circulant p-fold coverings of G is the number of orbits under the H-action on ∆. Let (δ 1 , δ 2 , . . . , δ k ) ∈ ∆ be given arbitrarily. Since {±(y 1 , δ 1 ), ±(y 2 , δ 2 ), . . . , ±(y k , δ k )} generates Z n × Z p , no Φ ∈ H fixes the k-tuple (δ 1 , δ 2 , . . . , δ k ) except the identity. Hence, the size of orbit containing (δ 1 , δ 2 , . . . , δ k ) equals the cardinality |H|. Now, it suffices to enumerate |H|. One can easily check that an automorphism Φ is an element in H if and only if Φ is defined by two images Φ(1, 0) = (1, µ) and Φ(0, 1) = (0, ν) for any µ ∈ Z p and ν ∈ Z p − {0}. Hence, |H| = p(p − 1) and the size of every orbit under the H-action on ∆ is p(p − 1). Therefore, the number of isomorphism classes of connected typical
Odd valency case
Let the valency of G = Cay(Z n , Y) be odd, say 2k + 1. Without any loss of generality, one may assume that Y = {±y 1 , ±y 2 , . . . , ±y k , Proof of Theorem 1. Summing up the numbers in Theorems 3 and 9, the isomorphism classes of connected typical abelian p-fold coverings of a connected circulant graph can be enumerated.
So far, we have enumerated the isomorphism classes of typical abelian coverings of a circulant graph for a prime folding number. For a composite folding number m, it might be difficult to enumerate those m-fold coverings. One reason is that there are many abelian extensions of an abelian group of order m by a cyclic group Z n . The other one is that the enumeration method used in this paper may not be suitable for a composite case, even for abelian extension cases of Z m by Z n . This might be a research problem for further study.
